Abstract. We prove a functional equation for the three-variable p-adic L-function attached to the RankinSelberg convolution of a Coleman family and a CM Hida family, which was studied by Loeffler and Zerbes. Consequentially, we deduce that an anticyclotomic p-adic L-function attached to a p-non-ordinary modular form vanishes identically in the indefinite setting.
Introduction
In [LZ16] , Loeffler and Zerbes constructed a three-varible p-adic Rankin-Selberg L-function attached to two families of modular forms, which is characterized by its interpolating property at the crystalline points of a three-parameter family (afforded by a pair of Coleman families and the cyclotomic variation). In the special case where one of the two families is ordinary, Loeffler [Loe17] extended this work to prove an interpolation formula also at non-crystalline points.
The goal of this article is to prove a functional equation for the Loeffler-Zerbes three-variable p-adic
Rankin-Selberg L-functions associated to the Rankin-Selberg product of a Coleman family and a CM Hida family. See Theorem 3.6 for the precise formulation of this functional equation. The main ingredients of our proof are Loeffler's interpolation formula in [Loe17] , the functional equation of the complex Rankin-Selberg L-function proved by Li [Li79] , an analysis of interpolation and root numbers as well as a trick allowing us to interpolate in families by reducing to p-ordinary case.
The p-adic L-function we study here plays an important role in [BL16b] , where we study the Iwasawa Theory of the Rankin-Selberg convolutions f ⊗ χ (of the base change of a p-non-ordinary modular form f to an imaginary quadratic field K where p splits, with a ray class character χ). For example, the Loeffler-Zerbers p-adic Rankin-Selberg L-function gives rise to a two-variable p-adic L-function for f ⊗χ over the Z 2 p -extension of K, which in turn allows one to formulate an Iwasawa main conjecture. Furthermore, on specializing to the the anticyclotomic Z p -extension of K, we may study the behaviour of the arithmetic invariants associated to the Rankin-Selberg convolution f ⊗ χ (where χ is now taken as a ring class character) along this tower. When the root number ǫ(f /K) is −1, we show in Corollary 3.10 that our functional equation implies that the anticyclotomic specialization of the said p-adic L-function is identically zero. This is one of the main ingredients in the portion of our work [BL16b] where we prove results towards indefinite p-non-ordinary anticyclotomic main conjectures for f ⊗ χ.
Set up
Fix forever a prime p ≥ 5 and an imaginary quadratic field K where (p) = pp c splits. The superscript c will always stand for the action of a fixed complex conjugation. We fix a modulus f coprime to p with the property that the ray class number of K modulo f is not divisible by p. We also fix once and for all an embedding ι p : Q ֒→ C p and suppose that the prime p of K lands inside the maximal ideal of O Cp . Fix also a ray class character χ modulo fp ∞ with χ(p) = χ(p c ).
Let K ∞ denote the Z 2 p -extension of K with Γ := Gal(K ∞ /K) ∼ = Z 2 p . We let K cyc /K and K ac /K denote the cyclotomic and the anticyclotomic Z p -extensions of K contained in K ∞ respectively. We write Γ ac := Gal(K ac /K) and Γ cyc := Gal(K cyc /K). We also set Γ 0 := Gal(K(µ p ∞ )/K) ∼ = Z × p . Let ∆ := Gal(K(µ p )/K) so that Γ 0 = Γ cyc × ∆. For q = p, p c , we let Γ q denote the Galois group of the maximal pro-p extension of K unramified outside q. 
(where γ ? ∈ Γ ? is an arbitrary topological generator) of Fréchet spaces and
For ? ∈ {ac, cyc, p, p c , 0}, we shall also consider the rings of L-valued r-tempered distributions D r (Γ ? , L) on Γ ? for each r ∈ R ≥0 and we shall denote its Amice transform by H r (Γ ? ) (so that H 0 (Γ ? ) = Λ L (Γ ? )). We shall set H(Γ ? ) := lim − →r H r (Γ ? ) and call it (by slight abuse) the ring of tempered distributions. Both rings
) which are both dense for a Fréchet topology. For non-negative real numbers u, v ∈ R, we define the ring
Let f ∈ S k (Γ 0 (N f )) be a normalized cuspidal eigen-newform of level N f , even weight k ≥ 2 (and trivial nebentypus). Let α and β be the two roots of the Hecke polynomial X 2 −a p (f )X+ε f (p)p k−1 . We assume that α = β and let f α and f β denote the two p-stabilizations of f . We shall set s α := v p (α) and s β = v p (β) (where v p is the p-adic valuation on L that is normalized by the requirement that v p (p) = 1). When a p (f ) = 0, notice that we have s α = s β = k−1 2 . For a given ring class character η of K, we write ǫ(f /K) ∈ {±1} for the global root number for the Rankin-Selberg L-series L(f /K ⊗ η, s). As the notation suggests, this quantity is indeed independent of the choice of η.
We fix a finite extension L of Q p that contains the values of our fixed ray class character χ, the Hecke field of f as well as α and β. We let O L denote the integral closure of Z p in L.
2.1. Algebraic Hecke characters. For q = p, p c , we let Ω q denote the maximal pro-p quotient of the ray class group H q ∞ . Geometrically normalized Artin map A induces identifications
where Γ q is the Galois group of the maximal pro-p extension of K unramified outside q. Recall the fixed generator γ cyc of Γ cyc . We fix generators y p , y p c of Ω p and Ω p c so that γ cyc = A(y p )A(y p c ). We define γ q := A(y q ) for q = p, p c . Observe then that Γ ac is topologically generated by γ ac := A(y p )A(y −1 p c ). We let Ω cyc ⊂ Ω (resp., Ω ac ⊂ Ω) denote the subgroup topologically generated by y p y p c (resp., by y p y −1 p c ), which maps isomorphically onto Γ cyc (resp., to Γ ac ) under A. We finally define Ω (1) denote the set of algebraic Hecke characters Ξ whose associated Galois characters factor through Ω. We let Σ
(1) + denote the subset of Σ
(1) that consists of algebraic Hecke characters Ξ of ∞-type (a, b) with 1 − k/2 ≤ a, b ≤ k/2 − 1.
Let Σ
(1) ⊃ Σ (1) denote the set of algebraic Hecke characters Ξ of conductor dividing p ∞ and whose p-adic avatars factor through Ω p × Ω 0 cyc . We similarly define the subset Σ (1)
which is uniquely determined by the requirement that ρ(Ξ) be unramified at p c . Moreover, the p-adic avatar of ρ(Ξ) factors through Ω p .
Proof. Let O p denote the ring of integers of K p and similarly define O p c . The first claim follows at once by setting µ := Ξ p c , which we think of as a Dirichlet character of p-power conductor via the canonical isomorphisms
(which we have written as an idèlic character; with τ (p) : K ֒→ C the distinguished place that corresponds under our fixed isomorphism C ∼ = C p to the embedding K ֒→ K p , so that the p-adic avatar of ρ(Ξ) is given by ρ(Ξ)(
For the second, notice that the p-adic avatar of Ξ may be written in the form 
Proof. Notice that the p-adic avatar of Ξ may also be written in the form
and our assertion is immediate (on identifying Ω q with the 1-units U q ⊂ O q via its idèlic description) once we prove that the conditions (A) and (B) are indeed equivalent. To see this equivalence, we deduce from the fact that ρ(Ξ) factors through Ω p and that Corollary 2.4. Let Ξ ∈ Σ (1) . Then, the p-adic avatar of Ξ has the form
where η is a character of finite p-power order and p-power conductor, ν is a Dirichlet character of p-power conductor. If the p-adic avatar factors through Ω, then it has the form
where η 1 (resp. η 2 ) is a character of finite p-power order and p-power (resp., p c -power) conductor.
Proof. Suppose first that the p-adic avatar of Ξ factors through
. Since ρ(Ξ)(x) has p-power conductor and factors through Ω p , it is necessarily of the form ρ(Ξ)(x) = η(x p ) x p a−b . Moreover, we may also write the "cyclotomic" factor
This completes the proof of the first part. The proof of the second part is similar, relying on the criterion recorded in Lemma 2.3.
p-adic Hecke characters.
Definition 2.5. Let Z denote the collection of p-adic Hecke characters factoring through Ω p × Ω
• cyc . Its elements have the form (when written as an idèlic character)
where η is a character of finite p-power order and p-power conductor, ν is a Dirichlet character of p-power conductor. Likewise, we let Z ⊂ Z denote the collection of p-adic Hecke characters factoring through Ω.
Its elements have the form
where Ξ fin is character of p-power order and of conductor dividing p ∞ . For Ξ ∈ Z as above, we call the pair (a, b) the p-adic type of Ξ.
Notice that if Ξ ∈ Σ (1) (resp., Ξ ∈ Σ (1) ), then its p-adic avatar belongs to Z (resp., to Z) thanks to Corollary 2.4. If the ∞-type of Ξ is (a, b), then the p-adic type of its p-adic avatar also equals (a, b).
Lemma 2.6. The p-adic avatars of Hecke characters Ψ ∈ Σ
(1) + (where we allow k to vary) considered as characters of Ω form a dense subset of the rigid analytic space of continuous p-adic characters of Ω.
Proof. The key observation is the following: Given any p-adic integers a, b, choose an arbitrary sequence a n , b n of integers such that a n tends to a and b n tends to b. Set r n = n(|a n − b n | + 1). Then lim a n − p rn = a, lim b n + p rn = a and b n + p rn > a n − p rn .
Lemma 2.7. Let Ξ ∈ Z be a p-adic Hecke character of p-adic type (a, b). Then, there exists a uniquely determined factorization
, where µ is a finite Hecke character of Q, the p-adic Hecke character ρ(Ξ) is unramified at p c with p-adic type (a − b, 0). Moreover, the p-adic character ρ(Ξ) necessarily factors through Ω p .
Proof. It is easy to see that the only choice is µ = Ψ p c (which we think of as a Dirichlet character of p-power conductor via the canonical isomorphisms (1)) and
p . The second assertion is proved with an argument similar to what we have used for the proof of the second portion of Lemma 2.2.
Remark 2.8. Lemma 2.7 is the p-adic analogue of Lemma 2.2 and its proof allows us to identify Z with the rigid analytic space Sp Λ †
Definition 2.9. Let Ξ be a Hecke character (algebraic or p-adic). We define the Hecke character dual to Ξ by setting
Definition 2.10. We let Z ac denote the space of anticyclotomic p-adic Hecke characters (in more precise terms, it consists of those characters Ψ ∈ Z such that Ψ D = Ψ). As above, we may identify Z ac with the rigid analytic space Sp Λ † L (Ω ac ). Ξ(a)q Na denote the associated theta-series.
(2) More generally, let Ξ be an algebraic Hecke character of ∞-type (a, b). Let η Ξ denote the unique Dirichlet character (of Q) of conductor Nf(ρ(Ξ)) which is characterized by the property that
for all integers n prime to Nf(ρ(Ξ)). We write ǫ K := DK · for the quadratic Dirichlet character attached to K. We set N Ξ := D K · Nf(ρ(Ξ)) and θ Ξ := η Ξ ǫ K (which is a Dirichlet character of conductor N Ξ ). Finally, we let
denote the associated p-ordinary theta series which is an eigenform of indicated weight, level and nebentype; it is a newform if and only if the conductor of ρ(Ξ) is divisible by p. We also let g
Na so that g Ξ is the p-ordinary stabilization of the newform g
• Ξ whenever the conductor of ρ(Ξ) is prime to p.
Remark 2.12. Thanks to Lemma 2.2, choosing an algebraic Hecke character Ξ ∈ Σ
(1)
The formalism in Definition 2.11 also applies to the dual Hecke character Ξ D . As above, we may use Lemma 2.2 to write
and consider the associated p-depleted twisted theta-series
Ξ , where the equality before the last one follows from the fact that
Definition 2.13. We say that an algebraic Hecke character Ξ of conductor dividing fp ∞ is demi-crystalline if the eigenform g χΞ is crystalline (⇐⇒ ρ(Ξ) has trivial conductor) and crystalline if it is demi-crystalline and µ Ξ is trivial.
Remark 2.14. Let ρ(Ξ) ∈ Σ (1) + be an unramified algebraic Hecke character of ∞-type (−u, 0) with u ≡ 0 mod p − 1 (whose p-adic avatar necessarily factors through Ω p ). Then the p-stabilized eigenform g χρ(Ξ) ∈ S u+1 (Γ 1 (N χ p), ǫ K ) is the unique crystalline weight u + 1 specialization of g. It is not hard to see that all crystalline specializations arise in this manner. We further remark that the eigenform g χρ(Ξ) is the p-stabilization of the newform g
Remark 2.15. Suppose in this remark that χ D = χ. Let Ξ be a demi-crystalline Hecke character of conductor dividing fp ∞ . The computation (2) above carries over for the theta-series Θ(χρ(Ξ)) and shows that g
χΞ,N0 , where N 0 is the prime-to-p part of N χΞ and θ χΞ,N0 denotes the prime-to-p component of the nebentype θ χΞ (equivalently, it is the nebentype character for g • χΞ ). Indeed, we may verify the second (well-known) equality by comparing the corresponding Euler factors in the associated Hecke L-series of both sides. We also note that
for the p-stabilized theta series. Indeed, the fact that the Hecke eigenvalues of the eigenforms g χΞ and
χΞ,N0 agree away from p is well-known (c.f., Remark 2.5 of [Loe17] ). Moreover, a calculation similar to (2) shows that the same holds true for the pair g χΞ and g χΞ D . It therefore remains to check that the U p -eigenvalues acting on both sides are equal. This is verified through a direct computation:
where the first equality is valid because ρ(Ξ) is unramified at p, so that ρ(Ξ)
Functional Equation for
Rankin-Selberg L-functions. We will revisit the work of Li [Li79] and recast the functional equation she has established for the Rankin-Selberg L-functions in a form suitable for our purposes.
Fix an integer κ ≥ 2 and a demi-crystalline algebraic Hecke character Ψ ∈ Σ (1) of ∞-type (a, b) with
and µ Ψ = ½. Throughout, we will let h ∈ S κ (Γ 1 (N f ), ǫ h ) denote a newform (we will later choose the newform h in a way that its p-stabilization will be a member of a Coleman family through f α ) and consider the newform
where the latter identification is because we have assumed µ Ψ = 1. Note that we have set N := N χΨ and θ := θ χΨ µ −2 Ψ to ease notation. Observe also that we have
Ψ , s) and note that Loeffler's formula [Loe17, Prop. 2.12] allows us to interpolate L-values in this form.
Definition 2.16. We define the completed L-series Λ h,g (s) by setting
When N f and N are coprime, we also define the global root number W (s) as
where λ N f (h) and λ N f (g) are the Atkin-Lehner pseudo-eigenvalues.
Remark 2.17. It is of course possible to define global root number when N f and N have common prime divisiors. However, the explicit formula for the root number is far more more complicated (see (2.11) of [Li79] ) and for that reason, we shall be content here to treat only the case when N f and N are coprime in order to keep the length of this article within reasonable length. In particular, the conductor of χ is prime to N f and hence, whenever we would like to insist that ǫ(f /K, η) = ±1, we are forced to assume for the nebentype character is trivial. This is the only place where our assumption on the nebentype for f plays an essential role.
The following is the restatement of Theorem 2.2 of [Li79] , in view of Example 2 in op. cit.
Theorem 2.18. Suppose (N f , N ) = 1. Then,
In more explicit form,
We shall need this identity evaluated at s = b + k/2, which reduces to
Thence, Let f = ∞ n=1 a n (f)q n denote a Coleman family which new of tame level N f and nebentype ω k , which is defined over some affinoid neighborhood X in the weight space and whose weight k specialization is f α . Note that we retain our hypothesis that ε f = 1, so that the prime-to-p part of the nebentype of f is trivial and the conjugate Coleman family f D (whose defining property is given as in Lemma 3.4 of [Loe17] ) coincides with f. (In principle, the assumption on the nebentype could be lifted if one relied on the full version of the functional equation for Rankin-Selberg L-series, rather than its simplified form in Theorem 2.18. But we do not do that here for simplicity.) 3.1. CM families and the functional equation. We may and we will identify the branch of the weight space corresponding to the Hida family g interpolating {g χΨ } Ψ∈Σ
with Spf Λ L (Ω p ) (c.f. the discussion on pages 2157-2158 in [GV04] ).
Notice that the tame level of g equals N χ := D K Nf and its nebentype is θ χ ω = ǫ K ω (since we have implicitly assumed χ D = 1; notice then that η χ = ½).
Definition 3.2. We let g D denote the family characterized by the property that
for all (n, N χ ) = 1.
Remark 3.3. It follows from Remarks 2.14 and 2.15, together with the density of crystalline points that g D interpolates the collection {g χΨ D } Ψ∈Σ
(1) + and that its unique crystalline weight u + 1 specialization is
Fix an affinoid neighborhood Y ⊂ Sp Λ † L (Ω p ) and we consider the restriction g| Y of the family g to Y .
Given a p-adic Hecke character Ψ ∈ Z(Y ) and any specialization f(κ) of f, we set
where g χρ(Ψ) is the specialization of the family g corresponding to ρ(Ψ) ∈ Y ; it corresponds to a classical eigenform if and only if ρ(Ψ) is the p-adic avatar of an algebraic Hecke character that belongs to Σ 
for every Ψ ∈ Z(Y ) and κ ∈ X . Moreover, when Ψ ∈ Z ac and f(κ) = f α (so that κ = k) we have
Proof. We set
and observe that (f(κ), Ψ D ) belongs to Σ cris whenever (f(κ), Ψ) does: Indeed, Remark 2.15 shows (relying on the fact that ρ(Ψ) is unramified) that ρ(
For (f(κ), Ψ) ∈ Σ cris , we shall compute the ratio
and prove that it interpolates in a desired manner, as (f(κ), Ψ) over the dense subset Σ cris ⊂ X × Z(Y ). In order to achieve that, we will make use of Loeffler's interpolation formula [Loe17, Proposition 2.10 and Theorem 6.3].
It follows from the said interpolation formula that
where E(f(κ), Ψ) corresponds to the factor denoted by E(f(κ), g χΨ , b + k/2 + µ Ψ ) in op. cit. and we shall provide its explicit expression below) and that
,
where we have set g := g
Ψ ) to be the newform we considered in Section 2.4 and we have used Remark 2.15 to identify g = g
• in our set up (since we assumed that (N χ , N f ) = 1 in order to make use of Theorem 2.18). Combining (5) and (7) we conclude that
where we have used
for the second equality (here, α(κ) ∈ O(X ) × denotes the eigenvalue for the U p -action on f(κ)); the third equality holds because κ − k ≡ 0 mod p − 1, f(κ) is crystalline and λ N f (f(κ)
• ) 2 = N f κ ; the final equality is our definition of the p-adic integer G f (Ψ). Note that the dependence of G f (Ψ) on the eigenform f is only through its level N f and the Atkin-Lehner pseudo-eigenvalue λ N f (f ).
Let now h denote a p-ordinary form of level N f , trivial nebentype and for which the global root number ǫ(h/K) equals ǫ(f /K). The interpolation formula for the p-adic L-function L p (h/K, Σ
(1) ) (as studied in [BL16a] ) and its functional equation shows (c.f., [Nek95, §5.11] ) that the p-adic integers G f (Ψ) interpolate to a uniquely determined element G f ∈ Λ OL (Ω) 1 , which necessarily have the additional property that G f (Ψ) = ǫ(f /K) for all anticyclotomic characters Ψ by the shape of the functional equation for h. Proof of our theorem follows.
Remark 3.7. This remark is for readers who might feel uneasy about the power of the norm character on the right side of the functional equation. The main reason for its presence is the fact that s = k/2 is not the center of the functional equation for the Rankin-Selberg L-series L(f (κ)/K, Ψ, s) in general, where f (κ) is a specialization of the Coleman family f of weight κ ∈ Z ≥2 and Ψ is a Hecke character as before.
We elaborate regarding this point. Functional equation for the Rankin-Selberg L-series reads
where= means equality up to simple fudge factors of secondary importance for our discussion here. The value of the geometric p-adic L-function L geom p (f, g| Y ) at the pair (f (κ), Ψ) equals L(f (κ)/K, Ψ, 0) up to simple fudge factors, whereas its value at the pair (f (κ),
The functional equation (9) in turn allows us to relate L
and it is precisely this relation that we interpolate above as κ and Ψ vary.
We may utilise Theorem 3.6 to prove a functional equation for the two-variable tempered p-adic L-function L α,α . Theorem 3.9. Let G f ∈ Λ OL (Γ) be as in the statement of Theorem 3.6. Then
The identical statement for the other root β of the Hecke polynomial is valid as well, as the proof below does not distinguish between the two roots.
Proof. Given an arbitary demi-crystalline algebraic Hecke character Ψ, choose a large enough affinoid neighborhood Y ⊂ Sp Λ † L (Ω p ) (since g is ordinary, we may choose Y as large as we like) in a way that we may compute
Our assertion follows from the density of the demi-crystalline points in Sp Λ †
3.2. The vanishing of the anticyclotomic doubly-signed p-adic L-functions. Throughout this section, we assume that ǫ(f /K) = −1 and a p (f ) = 0 (so that β = −α). We recall from [BL16b, §3] 
, one for each of the four choices λ, µ ∈ {α, −α}. Furthermore, there exists a factorization
for some doubly-signed p-adic L-functions L ±,± (denoted by L •,⋆ with •, ⋆ ∈ {#, ♭} in op. cit.) and the half-logarithmic functions log 
For q ∈ {p, p c }, the half-logarithmic functions log ± k−1,q are defined to be the functions obtained from log ± k−1 on replacing a topological generator of Γ cyc by a topological generator of Γ q . We recall Pollack's plus/minus logarithms from [Pol03] :
where γ 0 is a fixed topological generator of Γ cyc . Via the isomorphism given in [LLZ17, (2.2)], up to multiplication by a unit in Λ Zp (Γ cyc ) × , the half-logarithmic functions log ± k−1 agree with log ± k−1 . We now study functional equations for these half-logarithms.
Lemma 3.13. There exist units u ± ∈ Λ Zp (Γ cyc ) × such that
Proof. For all m ≥ 1 and j ∈ Z, we have
Since u j γ 0 is a unit in Λ Zp (Γ cyc ), our result follows.
Remark 3.14. We have the following explicit expressions for u ± : Since u ∈ 1 + pZ p , we infer that u ± ∈ 1 + pZ p + (γ 0 − 1)Λ Zp (Γ cyc ).
Corollary 3.15. There exist unitsũ ± ∈ Λ Zp (Γ cyc ) × such that Tw k/2−1 log
Furthermore,ũ ± ∈ 1 + pZ p + (γ 0 − 1)Λ Zp (Γ cyc ).
Proof. Suppose that Tw k/2−1 log ± k−1 = v ± Tw k/2−1 log ± k−1 , where v ± ∈ Λ Zp (Γ cyc ). Then, Lemma 3.13 tells us that Tw k/2−1 log
Since v ± ∈ Λ Zp (Γ cyc ) × , the quotient (v ± ) τ /v ± ∈ 1 + (γ 0 − 1)Λ Zp (Γ cyc ). Hence we are done by Remark 3.14.
Proof of Theorem 3.11. Our strategy here is inspired by an argument due to Castella and Wan in [CW16] , where the doubly-signed p-adic L-functions of an elliptic curve are studied. The factorisation formula (10) for L α,α gives On projecting this identity to the anticyclotomic line (parallel to the cyclotomic line), we deduce that
vanishes at infinitely many characters of finite order, so it must be identically 0. Given that G 
